Classical rigid plastic optimum design cannot take into account displacement constraints or bounds on residual plastic strains which goal however maybe important when designing a structure. Using holonomic elastic-plastic constitutive law, the elastic-plastic optimum design problem can be formulated on the basis of the elastic-plastic analysis problem like the rigid plastic optimum design problem is based on rigid plastic limit analysis. In this way, the elastic properties can be included in the optimum design problem and also semi-rigid connections can be taken into account. This paper deals with several elasticplastic optimum design problems, namely, geometrically linear and nonlinear holonomic elastic-plastic optimum design and geometrically linear shakedown optimum design. Each of these problems leads to nonlinear programming. The different design problems are illustrated on a sample frame by using the MINOS mathematical programming package for the solution.
Governing relations for the holonomic elastic-plastic analysis problem
A discrete approach is accepted for the description of the structural model. The material is assumed to be linear elastic perfectly plastic. Linearized yield condition depending only on the bending moment is used with associated flow rules. The governing vector variables are the nodal loads (q), the generalized initial strains (t), the nodal displacements (u), the internal forces (s), the plastic loadbearing capacities i.e. the plastic yield moments (k), the plastic potential (ϕ ϕ ϕ) and the plastic multiplier (λ λ λ). Semi-rigid connections are taken into account as linear elastic perfectly plastic rotational springs [1] , [2] . Before detailing the optimum design problems, the corresponding analysis problems are summarized.
First order holonomic elastic-plastic analysis
In order to be able to transform the analysis problem into an optimum design problem, the holonomic elastic-plastic constitutive law is used (i.e. local unloading is discarded during the load history) which is usually acceptable in the case of monotonic one parameter loading. The governing relations for first order holonomic elastic-plastic limit analysis are the following: Here m is the load parameter, E is the unit matrix, index 'b' refers to the base load i.e. q = m · q b , G is the equilibrium matrix, F is the flexibility matrix and N is the yield matrix. The first equation is the equilibrium equation, the second is the compatibility equation (joint geometrical and physical equation) and the third one is the yield condition. The fourth line expresses the sign constraints on the plastic variables, the normality rule between them and the objective function is the load parameter.
Geometrically nonlinear holonomic elastic-plastic analysis
Due to possible instability failure in case of sway frames, the real limit load is less than the one given by the first order elastic-plastic analysis. To account for this fact, geometrically nonlinear elastic-plastic analysis can be done. There are several methods to take into account geometrical nonlinearity. In this paper we use the method described in [3] for elastic bar structures based on the Lagrangian approach. The main idea of the method is that if one knows the displacements and the internal forces at the beginning of an elastic beam which has only nodal loads, then a first order initial value differential equation system can be written to determine its shape. Plastic hinges and semirigid joints can be taken into account in the initial conditions. As the system of differential equations can be solved only numerically, the governing relations cannot be written in a matrix form but only in the form of nonlinear vector-vector functions.
Here e, c, y refer respectively to the equilibrium, compatibility and yield equations. At a given value of the state variables, these equations can be evaluated numerically. This is sufficient for the MINOS nonlinear mathematical programming solver as it can compute the Jacobian of the nonlinear system by numerical derivation. This system of equations can be built by the usual way i.e. by assembly of the equations of the elements. Variables for one elastic element they can be neglected and then the initial value differential equation system which describes the displaced configuration of an initially straight beam between the nodes i, j having α angle to the x axis and length is the following:
with the initial conditions:
Here, F x , F y , W represent the internal forces of the element, x i , y i , f i , x j , y j , f j are the coordinates of the nodes of the element ( f refers to the rotation), t is the arclength variable going from 0 to , c i is the spring coefficient of the semi-rigid connection and λ + i , λ − i are the plastic multipliers. This differential equation system can be solved numerically and the values of x( ), y( ), f ( ) can be obtained so the contribution of the element to the equilibrium, compatibility and yield condition can be evaluated. In fact, there are 12 equations for the element: 6 equilibrium, 3 compatibility and 4 yield equations. The equilibrium equations are the only contributions which should be assembled for all nodes but the others are element equations and as such complete. These equations are the following: e 1 : F x , e 2 : F y , e 3 : W , e 4 : F x , e 5 : F y,
Here W j is the bending moment at node j which is:
Geometrically linear holonomic elastic-plastic optimum design
In the same way as plastic optimum (minimum weight) design can be derived from plastic limit analysis, the holonomic elastic-plastic analysis can be transformed into an optimum design problem. The goal is to find the structure which weight is minimal and which is in plastic limit state under the given load. As this approach also computes the displacements, bounds can be given on the maximum displacements. The objective function is the so called relative weight of the structure which takes as specific weight the necessary design moments of the frame. Using the notations of Eurocode [4] , [5] , it can be expressed as w = L k M pl,Rd,k , where M pl,Rd,k is the design plastic resistance moment (M pl,Rd ) of the k th cross section type and L k is the total length of the members of the k th cross section type. As the elastic properties are also used in this formulation, some simplifying assumptions are made. It is assumed that the depth (h) of the different cross-section types is fixed. Sections are assumed to be I sections and their web is neglected. So the the design plastic resistance moment of a section is M pl,Rd,k = A f σ y h, its second moment of area is
and by this way the only design variables are the plastic limit moments (M pl,Rd,k ) of the different section types. The vector of their values is denoted by κ κ κ. As the number of the design variables is usually much less than the number linearized yield conditions, the vector k of the yield capacities can be written in the form k = Mκ κ κ, where M is a matrix which maps κ κ κ into k. It is also assumed that the properties of the semi rigid connections (rotational stiffness, resistance moment) are fixed and thus the optimization is done only for the design limit moments of elements. The design constrains applied are: ratios among the design variables (Rκ κ κ ≤ 0) to avoid that columns on the lower levels be weaker than on the upper levels, bounds on the displacements and on the plastic strains as well as bound on the plastic dissipation (W p ). So the optimum design problem is formulated as follows: equilibrium:
Gs + q = 0 compatibility: Gs
Ns − ϕ ϕ ϕ − Mκ κ κ = 0, ϕ ϕ ϕ ≤ 0 flow rules:
As the flexibility matrix depends on the design variables, so this is a general nonlinear mathematical programming problem. In order that the first order design be realistic, it would be necessary to include stability requierements described in the codes [4] , [5] . Because of this, in this paper we concentrate rather on the geometrically nonlinear design in which the stability requirements are included indirectly (second order theory).
Geometrically nonlinear holonomic elastic-plastic optimum design
Taking into account geometrical nonlinearity according to section 1.2, the design problem can be formulated as follows:
equilibrium:
e(v, s, q) = 0 compatibility: c(v, s, λ λ λ, t, κ κ κ) = 0 yield condition: y(v, s, λ λ λ, ϕ ϕ ϕ, κ κ κ) = 0, ϕ ϕ ϕ ≤ 0 flow rules:
Similarly to the geometrically nonlinear elastic-plastic analysis, the equilibrium, compatibility and yield equations can be evaluated only numerically through the solution of differential equations.
Geometrically linear shakedown optimum design
In the case of shakedown, the departure point is the determination of the fictitious generalized elastic stresses due to the load history [6] . The usual load system used in shakedown is composed of 'n' independent load cases. Within one load-case, the load values can vary proportionally from zero to their maximal value. For the load history, it is assumed that all possible combinations of the independent load cases can happen with any intermediate value between zero and their maximum. In fact, what one needs from the load history is ϕ ϕ ϕ max e = Ns e (t), i.e. the maximum values of the yield function during the load history. Here, t represents the time symbolically. If one uses the load system described above, then the i th element of ϕ ϕ ϕ max e is the following:
Here s e, j means the generalized stresses from the j th load-case, n T i is the i th row of the yield matrix (N). In fact, one has to make a conditional sum taking into account only those values which contribute to the activation of the i th yield condition.
Based on the statical shakedown theorem, the shakedown optimum design problem is as follows: equilibrium: Gs = 0 compatibility:
Ns + ϕ ϕ ϕ max e (κ κ κ) − ϕ ϕ ϕ − Mκ κ κ = 0, ϕ ϕ ϕ ≤ 0 flow rules:
By giving a bound on the plastic dissipation work, one can control the design going from fully elastic behavior (W pb = 0) to the adaptation limit (no constraint W pb but it should be finite).
Numerical solution and example
To solve the optimization problems, the MINOS mathematical programming system was used. A familiar industrial 4-storey, single-bay steel frame was considered, previously examined in references [7] , [8] for elastic-plastic analysis. Its geometry, intensities of the loading including roof, floors, wind pressure are given in Fig. 1 . This load is associated to the value 1.00 of the load parameter (m).
Tab. 1. Cross-section characteristics

Section
Ref. Yield strength and modulus of elasticity of the steel frame are 225 MPa and 210 000 MPa, respectively. Table 1 gives: cross-section area, second moment of area and plastic moment resistance for each frame member. In 1 st order and 2 nd order analysis, hypothesis of a radial loading was made, meanwhile for shakedown optimum design, all the eight concentrated forces were allowed to vary independently from each other.
Cross
A first comparison of the results deals with the limit load multiplier obtained for the three types of analysis considered in this study:
-a normal elastic analysis corresponding to m = 1.00; -a first order holonomic elastic-plastic analysis [8] which gives m max = 2.24; the same as the one obtained from a classical rigid-plastic limit analysis, but in addition, in the case of holonomic elastic-plastic approach, values of nodal displacements are known. The maximum drift (at the top of the frame) is u max = 0.8130 m.
-a second order nonlinear holonomic elastic-plastic analysis, where m max is found equal to 2.044 and the maximum drift (at the top of the frame): u max = 0.3236 m.
Besides the normal increasing of multiplier m between value 1.00 of the elastic analysis which corresponds to a limit serviceability state and values 2.24 and 2.04 which correspond to an ultimate limit state, it is to underline that additional results in lateral displacement are obtained from the holonomic approach.
Comparison between 1 st and 2 nd order analysis shows a difference between the maximum drift values. The drift obtained by second order analysis is smaller as the structure reaches the limit point of its loadbearing capacity well before the formation of a mechanism. However, the frame of Fig. 2 appears rather rigid and would not require a 2 nd order analysis (application of EN 1993-1-1 specifications [4] would lead to the same conclusion). A second comparison of the results deals with the influence of the joint behavior [9] on elastic-plastic limit values obtained from 1 st and 2 nd order holonomic analysis approaches. According to the joint classification given in Eurocode 3, three assumptions were made and presented in Table 2 . In the previous results presented here above, the assumption was made that the joints were rigid and full strength. In this part of the study, joints are always considered as full strength but three different values of rotational stiffness are studied. Considering classification boundaries given in 5.5.2.5. of EN 1993-1-8 (Fig. 3) , three rotational stiffnesses have been selected: the rigid bound value for sway frames: 25 E I b /L b the rigid bound value for fixed frames: Table 3 , deals with a comparative study of the results of the various optimum design problems including the original structure as well. The design load used was the geometrically nonlinear plastic limit load of the original structure. The design variables are the plastic yield moments of the different section types. Six different section types were considered accordingly to the original structure. These are the plastic yield moments of the upmost beam (My 1 ), the other beams (My 2 ), and columns story by story (My 3 , My 4 , My 5 , My 6 ). To compute the areas and the inertia moments of the sections from the plastic moments, the original section depths were used, namely 0.165, 0.205, 0.125, 0.125, 0.165, 0.165 all in meter. The yield stress used is 225 MPa. The semi-rigid connections were taken into account with a rotational rigidity of 25, 16.5, and 8 E I b /L b kNm/m.
The nominal pinned connection would make the structure too weak against the horizontal sway, so this case was not studied. The meaning of the letters and numbers in the names given to the different designs is: H: holonomic, SH: shakedown, F: fixed, S: semi-rigid connection. Holonomic designs and checks were done by geometrically nonlinear analysis. All the designs were checked by holonomic and shakedown analysis. The shakedown drifts (u shrmax ) given are the ones due to the residual stresses. connections influence little the design results especially in the case of the shakedown design (1 st order theory). The moment diagrams of the SHF design are shown in Fig. 4 . The dashed lines show the computed required design moments (M pl,Rd ).
Conclusion
It has been shown that by using nonlinear mathematical programming tools, complex optimum design problems can be formulated and solved including elastic-plastic properties and semi rigid connections. It can be seen from the results of Table 3 that within the limits studied (25 E I b /L b to 8 E I b /L b ), the semi rigid connections influence little the response of the structure.
